Abstract. This article performs a study on correlation between pairs of variables in dependence on the problem dimensionality. Two tests, based on Pearson and Spearman coefficients, have been designed and used in this work. In total, 86 test problems ranging between 10 and 1000 variables have been studied. If the most commonly used experimental conditions are used, the correlation between pairs of variables appears, from the perspective of the search algorithm, to consistently decrease. This effect is not due to the fact that the dimensionality modifies the nature of the problem but is a consequence of the experimental conditions: the computational feasibility of the experiments imposes an extremely shallow search in case of high dimensions. An exponential increase of budget and population with the dimensionality is still practically impossible. Nonetheless, since real-world application may require that large scale problems are tackled despite of the limited budget, an algorithm can quickly improve upon initial guesses if it integrates the knowledge that an apparent weak correlation between pairs of variables occurs, regardless the nature of the problem.
Introduction
Dimensionality is a problem feature that is, in most cases, explicitly available when an optimization problem is formulated. It follows that a good algorithmic design should take into account the knowledge about the problem dimensionality to efficiently solve the problems at hand.
Optimization problems in many dimensions radically differ from low dimensional problems since the size of a domain grows exponentially with the number of dimensions. To remark this fact, let us consider a uni-dimensional decision space D. Let D be a set composed of 100 points (candidate solutions). Let us consider now a function f defined over the set D. Without loss of generality, let us assume that there exists a solution x * ∈ D such that f (x * ) is minimal. Hence, in order to find the global minimum x * , an optimization algorithm needs at most 100 samples (or like it is often indicated in nature-inspired algorithms, fitness evaluations, see (1) ). This problem would be very easy for a modern computer. On the other hand, if the problem is scaled up to two dimensions, there will be one optimum x * in a space composed of 100 2 = 10000 candidate solutions. If the problem is scaled up to 1000 dimensions, the optimum will be only one point in a space of 100 1000 solutions. With an exhaustive search, the latter problem would be extremely hard to solve in a feasible time. Thus a specifically designed algorithm will be required to tackle it. In other words, since the decision space grows exponentially with the problem dimensionality, the detection of the optimal solution in high dimensions is like the search of a needle in a haystack, and requires some specific strategies.
In addition to that, the problem dimensionality affects not only the number of candidate solutions in the search space, but also other intrinsic features of the search space itself. For example, a unitary radius sphere in a 3-dimensional Euclidean space has area of the surface S 2 = 4π and volume V 3 = 4 3 π. In the generic n-dimensional space, it can be easily proved that the ratio between volume and surface is 1 n . This means that if we consider a unitary radius sphere in high dimensions and randomly sample some points within it, most of them will be located on its surface as its volume is a small fraction of it.
An optimization problem characterized by a high number of dimensions is known as Large Scale Optimization Problem (LSOP). Large scale problems can be hard to solve as some optimization algorithms that easily solve a problem in e.g. 30 dimensions can display a poor performance to solve the same problem scaled up to e.g. 300 dimensions. The deterioration in the performance of optimization algorithms as the dimensionality of the search space increases is commonly called "curse of dimensionality", see (2) , and generally affects every kind of search logic. For example, several studies show that Differential Evolution (DE) and Particle Swarm Optimization (PSO) can easily display a poor performance when applied to solve LSOPs, see e.g. (3) and (2) .
Furthermore, the dimensionality has a direct impact on the computational cost of the optimization, see (4) . In general, this is true because, due to the large decision space, a large budget is usually necessary to detect a solution with a high performance. Moreover, due to high dimensionality, algorithms which perform a search within the neighborhood of a candidate solution (e.g. HookeJeeves Algorithm, (5)) might require a very large number of fitness evaluations at each step of the search, while population based algorithms are likely to either prematurely converge to suboptimal solutions, or stagnate due to an inability to generate new promising search directions. Other approaches that inspect the interaction between pairs or variables in order to perform an exploratory move, see e.g. (6) , can be computationally onerous and in some cases, see e.g. (7), unacceptably expensive for modern computers.
A trivial but overlooked consideration regarding the scalability of optimization problems is that the parameter setting of the algorithm and the experimental setup should take the dimensionality into account. At first, if a population-based algorithm is used, an exponential increase in the population size should be performed to keep the domain coverage constant. For example, if a DE algorithm is run with a population size of 30 individuals in 10 dimensions, to reproduce the same coverage in 50 dimensions, 30 50−10 ≈ 1.22 × 10 59 solutions would be needed. A population of this size is in practice impossible to use in the vast majority of problems. Hence, metaheuristics in high dimensions cover only a minimal part of the decision space.
A similar consideration can be done on the computational budget. Let us consider a DE algorithm run to solve a 10−dimensional problem with a budget of 50000 fitness evaluations. In order to explore/visit the same portion of decision space in 50 dimensions a budget of 50000 40 ≈ 9.1×10 187 fitness evaluations. Also this setting would be infeasible.
While in some cases scalability can simply be addressed by heuristic rules that scale up the algorithm parameters (e.g. by imposing that the computational budget is proportional to the problem dimensionality), as we have seen this strategy is not always possible, let alone efficient. Nevertheless, in real-world applications LSOPs must often be tackled efficiently in order to achieve a solution with a reasonable performance, e.g. in scheduling (8) , chemical engineering (9; 10), and in engineering design (11; 12) . To address the aforementioned feasibility issues in terms of computational cost, several algorithms have been therefore proposed in the literature for handling this kind of problems.
In this paper, we present a study on the effect of dimensionality in optimization problems when the usual experimental conditions are set. Our purpose is to shed light on some specific characteristics that we consider especially interesting in large scale optimization and that, according to our empirical results, are common -to some extent-to most LSOPs. Among the features that can be used to analyze the fitness landscape in LSOPs, we focus on the correlation between pairs of problem variables. In particular, we study how the pairwise correlation changes in dependence on the dimensionality of the problem, in an attempt to address the research question: On the basis of the usual algorithm and experimental setting, what happens to the correlation among the variables when the dimensionality grows?
To address this question we illustrate a procedure to estimate the correlation between pairs of variables, an averaging technique to extract a unique measure that the describes the overall correlation among variables, and a sensitivity analysis of this measure with respect to the problem dimensionality. We applied the proposed analysis over a number of scalable problems commonly used in continuous optimization benchmarks, with dimensionality ranging between 10 and 1000 dimensions.
The remainder of this paper is organized in the following way. Section 2 shows successful strategies proposed in the literature to tackle LSOPs. Section 3 gives the implementation details of the procedure for estimating the correlation between pairs of variables. Section 4 shows the numerical results on a broad set of benchmark functions. Finally, Section 5 concludes this work.
2 Background: A literature review on large scale optimization
In recent years, several modern metaheuristics have been proposed in order to tackle LSOPs, such as some modified versions of Ant Colony Optimization (ACO) (13) and Artificial Bee Colony Algorithm (ABC) (14) . In our view, the methods for tackling LSOPs can be roughly divided into two main categories:
-Methods that intensively exploit promising search directions. These algorithms with an apparent counterintuitive action, instead of exploring the large decision space, give up the search for the global optimum and use an intensive exploitation to improve upon a set of initial solutions to detect a solution with a high quality (regardless its optimality). Two popular ways to implement this approach have been proposed in the literature. The first way to achieve this aim is by using population-based algorithms with very small populations, see (15) , (16), (17) and (18), or with a population that shrinks during the run, see (19) , (20), (21) and (22) . The second way to achieve this aim is by using highly exploitative local search algorithms by combining them with other algorithms and integrating them within population based structures. In particular, a coordination of multiple local search components is used to tackle LSOPs in (23) . This logic, a part or a modification of it has been coupled and integrated within other algorithmic frameworks in (24), (25), (26), (27) , and (28). It must be remarked that these algorithms tend to use a simple local search component that exploits the decision space by perturbing the candidate solution along the axes. Another interesting study belonging to this category has been presented in (29) , where a modified version of Covariance Matrix Adaptation Evolution Strategy (CMA-ES) is proposed for tackling separable problems. In this case, the proposed algorithm makes use of a diagonal matrix to determine the newly sampled points and then the search directions. Hence, this modified version of CMA-ES performs moves along the axes to solve separable problems. It was shown that this algorithmic scheme appeared especially promising in high dimensional cases. -Methods that decompose the search space. Some other papers propose a technique, namely cooperative coevolution, originally defined in (30) and subsequently developed in other works, see e.g. (31) and (32) . The concept of the cooperative coevolution is to decompose a LSOP into a set of lowdimensional problems which can be separately solved and then recombined in order to compose the solution of the original problem. It is obvious that if the fitness function is separable, then the problem decomposition can be trivial, while for non-separable functions the problem decomposition can turn out to be a very difficult task. However, some techniques for performing the decomposition of non-separable functions have been developed, see (33) . Recently, cooperative coevolution procedures have been successfully integrated within DE frameworks for solving LSOPs, see e.g. (34), (35), (36), (37) and (38) . Another very successful implementation of cooperative coevolution has been integrated within a PSO framework in (39) .
A common denominator in these approaches is that the algorithm attempts to quickly achieve improvements by exploiting the search directions. In other words, since the budget is very limited and there is a large margin of improvement with respect to an initial sampling, every effective modern metaheuristic for LSOPs gives up the search for the global optimum and simply tries to enhance as much as possible upon an initial sampling.
Procedure for Estimating the Correlation between Pairs of Variables
The proposed correlation estimation procedure is performed in two steps: 1) a preliminary sampling process, needed to sample a set of solutions in the search space and evolve them for a given number of generations; and 2) an estimation of the correlation among the variables in the final set of solutions obtained at the end of the evolutionary process performed in the first step. In this paper we use two different correlation measures, while the sampling mechanism is the same for both measures.
First Step: Covariance Matrix Adaptation Evolution Strategy
During the preliminary step, the Covariance Matrix Adaptation Evolution Strategy (CMA-ES) with rank-µ-update and weighted recombination, see (40) , is applied for n × 1000 fitness evaluations. Briefly, the CMA-ES consists of sampling from a multivariate distribution λ points, computing their fitness values and updating the shape of the distribution in order to progressively adapt to the basins of attraction. The sampling rule of the individual k at the generation g + 1 is given by:
where N m, σ 2 C is a multivariate normal distribution of mean m, step size σ, and estimated covariance matrix C. The mean value x g w is a weighted sum of the µ candidate solutions (µ ≤ λ) displaying the best performance at the generation g (those individuals that are associated to the lowest fitness values f (x)). This vector corresponds to a recombination result, see (40) for details. At each g th generation, the values of step size σ and covariance matrix C are updated. The two update rules are determined by a vector p c , named evolution path. The evolution path p c is updated first, according to the following rule:
, cc is a parameter, and Hσ is a discrete function that can take either the value 0 or 1. The step size is then updated according to the following rule:
where d d is a damping factor, usually close to one, and . . . indicates the 2-norm (see (41) for further explanations). Finally, C is updated according to the following rule:
T where c 1 , c µ and c s are learning parameters. At the end of each generation, the µ individuals displaying the best performance are selected and used to compute x g+1 w . Implementation details about the CMA-ES structure and functioning can be found in (40), (42) , and (43) .
According to the philosophy of CMA-ES, the matrix C evolves and reliably approximates the theoretical covariance matrix. A covariance matrix is a correlation matrix, i.e. a matrix that describes the correlation between pairs of variables and, at the same time, approximates the shape of the basins of attraction, i.e. those regions of the fitness landscape surrounding the fitness minima. In this way, CMA-ES samples new points from a distribution that adapts to the fitness landscape itself. In our tests, we empirically chose the CMA-ES budget (n × 1000 fitness evaluations) so to have a reliable estimation of the covariance matrix, even though the convergence condition is likely still to be met. In other words, after this budget, the CMA-ES is likely to still sample points in a large portion of the decision space and not only a local basin of attraction. Due to the curse of dimensionality, this statement becomes progressively more true as the problem dimensionality grows (since the complexity grows exponentially while the CMA-ES budget is assigned by means of a linear formula).
Second Step: Correlation Estimation
Once the estimated covariance matrix C has been computed (i.e. after the given number of fitness evaluations), we calculate the pairwise correlation among the decision variables. Here we use, independently, two alternative correlation measures, namely the Pearson (44) and the Spearman correlation coefficients (45) . To calculate the Pearson coefficients, we take each element of the matrix C i,j and apply the following transformation:
where ρ i,j define the Pearson correlation coefficients. These coefficients vary between −1 and 1 and measure the linear correlation between pairs of variables. When ρ i,j = 0, there is no correlation at all between the i th and j th variables. When |ρ i,j | = 1, there is a perfect correlation between the variables. More specifically, when ρ i,j = 1, it means that to an increase of the i th variable corresponds the same (linear) increase of the j th variable; when ρ i,j = −1, it means that to an increase of the i th variable corresponds the same (linear) decrease of the j th variable. The matrix ρ composed of elements ρ i,j is the Pearson correlation matrix. The Pearson correlation matrix is more intuitive than the covariance matrix because its elements are limited and normalized within the [−1, 1] interval, thus allowing an immediate interpretation. Since there is no interest, within this study, to distinguish between positive and negative correlation, the absolute value of the Pearson correlation matrix |ρ| is computed. Moreover, since the correlation between variables is a symmetric relation and the self-correlation is the maximum possible correlation, the Pearson matrix has the following structure:
Thus, only (n 2 −n) 2 elements of the matrix |ρ| are of interest. In order to extract an index that performs an estimation of the average correlation among the variables, we simply average the elements of the matrix |ρ|:
The Spearman correlation estimate consists of the following. By means of the covariance matrix C, m points are sampled within the decision space. Considering that each point x = (x 1 , x 2 , . . . , x n ) is a vector having n elements, these m points compose the following m × n matrix: 
where X j is the generic j th column vector of the matrix X. For each column vector, the elements are substituted with their ranking. More specifically, for the generic column vector X j the lowest value is replaced with its ranking 1, the second lowest with 2, and so on until the highest value is replaced with n. If l elements have the same value, an average ranking is assigned. For example if three elements corresponding to the rank 3, 4, and 5 have the same value, the ranking 4 is assigned to all of them. This procedure can be seen as a matrix transformation that associates to the matrix X a new rank matrix R where the element x i,j is replaced with its rank r i,j : 
From the rank matrix R, a new matrix T is calculated by computing the Pearson correlation coefficients of the ranks. More specifically, the correlation between the i th and j th variables is given by:
whereR i andR j are the mean values of the i th and j th column vectors, respectively. τ i,i = 1 define the Spearman coefficients.
Considering that ∀i, j, it results that τ i,i = 1 and τ i,j = τ j,i , the matrix T is symmetric and displays unitary diagonal elements. Since, analogous to the Pearson coefficient, we are not interested in the sign of the correlation, the absolute value of the matrix T is calculated:
We then compute the average Spearman correlation index ϕ as the average value of the (n 2 −n) 2 elements of the matrix T under consideration:
Before discussing the results, it is worth mentioning why we use two different correlation coefficients here. As explained in (46) , the Pearson coefficient is more accurate if the pairwise correlation can be approximated to be linear. This circumstance realistically occurs in several -but not all-cases, in which the Pearson coefficient is reliable (47) . On the other hand, the Spearman coefficient is not a measure of the linear correlation between two variables, but rather it simply assesses how well the relationship between two variables can be described using a monotonic (not necessarily linear) function. Moreover the Spearman coefficient is non-parametric (distribution free), i.e. it does not require any assumption on the statistical process, it is less sensitive to outliers than the Pearson coefficient, but its calculation is computationally more expensive.
Numerical Results
We initially tested the procedure illustrated above over the 19 scalable test problems introduced in the Test Suite for the Special Issue of Soft Computing on Scalability of Evolutionary Algorithms and other Metaheuristics for Large Scale Continuous Optimization Problems (48), hereafter SISC2010. We calculated both Pearson and Spearman correlation coefficients over these 19 test problems in 10, 30, 50, 100, 500 and 1000 dimensions. To obtain robust correlation indications (which are affected by the stochastic nature of the sampling process), we calculated each aggregate index (ς and ϕ) 50 times per problem/dimension. In the following, we will explicitly refer to the dimensionality of the corresponding problem every time we will mention an index. For example, to indicate the ς value for a problem in 30 dimensions we will write ς 30n .
In order to find the optimal number of samples to be drawn from the distribution to have a reliable calculation of correlation, we performed a preliminary experiment on SISC2010 in the aforementioned dimensionality values, with sample sizes proportional to the dimensionality of the problem. We tested four configurations, namely n, 5n, 10n and 100n, and for each of them we calculated the corresponding index values ς and ϕ. We observed that, regardless of the problem dimension, a set of 100 points, for the Pearson index, and 1000, for the Spearman index, provide an index as stable and reliable as that obtained by a higher number of points.
Following the indications of this preliminary experiment, we set the population size for CMA-ES equal to 100, which also allowed us to keep the experimental setup quite simple and computationally affordable. In case of Spearman index, the final population is sampled 10 times. Table 1 displays the average correlation indices (calculated over the 50 runs available) and the corresponding standard deviation obtained on the entire SISC2010 benchmark. As it can immediately be observed, both the proposed indices appear to be closely related to the problem dimensionality. More specifically, regardless of the nature of the problem, the correlation amongst variables appear to decay with the dimensionality. All the problems display the maximum values of Pearson and Spearman indices in low dimensions, while these indices tend to take small values in large scale cases being nearly null in 1000 dimensions.
Moreover, we can observe that the correlation between pairs of variables appears somehow related to the separability of the problem, i.e. it tends to be lower when the problem is separable, as also noted in (49). Although we admit that the concepts of correlation and separability are not strictly linked, we have conjectured the following explanation for the relation between these two concepts: since separable functions in n variables can be expressed as the sum of n functions in one variable, the problem is somehow characterized by a low correlation among variables. However, the opposite is not necessarily true: a low correlation among variables does not implicate problem separability. Some non-separable problems can still be characterized by a low variable correlation.
In order to confirm that the obtained results are not biased by the chosen testbed, we performed the same tests also over the 2013 IEEE Congress on Evolutionary Computation (CEC2013) testbed, see (50) and the 2010 Black Box Optimization Benchmarking (BBOB2010) testbed, see (51) . The first is scalable only for a limited amount of dimensionality values, that is 10, 30, and 50 dimensions. The second testbed is scalable in 10, 30, 50 and 100 dimensions. We performed the tests on the two testbeds over all problems in all the available dimensionality values, again with each test repeated 50 times. Numerical results on the CEC2013 testbed, showing the correlation indices averaged over the 50 runs available, are reported in Tables 2 for both Pearson and Spearman indices. Numerical results on the BBOB2010 testbed are given in Table 3 . On both testbeds and indices, it can be observed the same trend seen for SISC2010.
Finally, we have taken into account the testbed for Large Scale Global Optimization introduced at CEC2013 (CEC2013-LSGO), for a further check. This testbed is available only at 1000 dimensions and its results are reported in Table  4 . Again, the displayed indices have been averaged over 50 independent runs. As shown in Table 4 , the results reported for the other testbeds are further con- Thus, our experimental study suggests that large scale optimization problems, regardless of the specific problem, have a lot in common with each other in terms of correlation among the variables and that all the LSOPs appear always characterized by uncorrelated variables. This fact has an effect on the design strategy since uncorrelated variables could be perturbed/optimised separately.
We are not concluding, however, that the nature of the problem changes with its dimensionality. In other words, we are not concluding that LSOPs are characterized by a weak correlation between pairs of variables. On the other hand, the experimental conditions imposed by the computational restrictions make LSOPs appear characterized by a low correlation since the search on this problems has to be much more shallow (i.e., it can cover a much smaller portion of the decision space) than the same problem in low dimensions. From a practical viewpoint, our conclusion is that since we know that in high dimensions we do not (and cannot) truly explore the decision space but we only attempt to improve upon some solutions with a very modest budget, the most effective way to quickly achieve an improvement would be to take into account this apparent weak correlation between pairs of variables. Although a further investigation is needed, the result of this study can be exploited during the algorithm design by employing exploitative techniques which perturb the variables one by one. 
Conclusion
This paper proposed a technique based on two statical tests, based Pearson and Spearman correlation coefficients respectively, to measure the correlation between pairs of variables. These tests have been applied to measure the correlation between pairs of variables in different dimensionality scenarios. The standard experimental conditions used in the literature and popular competitions have been reproduced.
We noted that, in practice, such experimental conditions impose a growing shallowness of the search with the increase of dimensionality, i.e. only a very restricted portion of the decision space is explored in high dimensions. We observed that under these conditions, problems tend to appear, regardless of their nature, characterized by a weak correlation of variables.
Thus, if the budget is limited, a practically efficient approach could be, according to our conjecture, to avoid the use of exploratory components and simultaneous variations of multiple variables (diagonal moves). On the contrary, the exploitation of the search along each variable can enhance in the short term and for the limited budget the efficiency of the search. This conjecture is in accordance with the most popular and successful methods for large scale optimisation.
Further studies will propose specific algorithmic components which will make use of the knowledge gained in this study to leverage the (apparent) weak correlation between pairs of variables within their search logic.
